Light scattered from spherical bubbles in water manifests an enhancement in the backward direction analogous to the well-known optical glory of a drop. Unlike the glory for water drops, in which the rays travel partially on the drop's surface, the glory for bubbles is due to rays that are refracted and multiply reflected within the scatterer and is an example of a transmitted wave glory. Photographs of glory scattering for freely rising air bubbles in water are displayed for bubbles having diameters of less than 300 ym. A physical-optics model for backscattering is developed for spherical bubbles. Computed glory patterns from both Mie-series calculations and the physicaloptics model agree with the observed patterns. The patterns of freely rising air bubbles having a diameter of S300 ,am are essentially those predicted for a spherical scatterer. The interference of different classes of glory rays is more clearly seen for bubbles in water than for the previously studied case of bubbles in oil.
INTRODUCTION
An enhancement of the backscattering of light from drops of water in air, commonly known as the optical glory, may be attributed to backward-directed rays having nonzero impact parameters relative to the drop's center. [1] [2] [3] Such rays may be referred to as glory rays, and for the case of a water drop, a portion of the ray path circumnavigates the drop's surface.
A sphere of refractive index less than the surrounding medium also manifests an optical glory; however, the scattering mechanism in this case is transmitted (rather than surfacetraveling) glory rays. 4 -7 Photographic studies of the transmitted-wave glory have been limited to rather large air bubbles in a high-viscosity oil, with ka = 6830 for example. 4 Here k = 27r/X, where X is the light wavelength in the surrounding liquid medium and a is the bubble radius. In the oil used for those observations, bubbles rose slowly so that the distribution of hydrodynamic stress on the bubble was uniform and did not cause its shape to deviate from sphericity. Consequently, for polarized incident light the backscattering patterns 4 have a symmetry predicted for spheres. In particular, cross-polarized backscattering patterns have fourfold symmetry. 4 7 In this paper we are concerned with the transmitted-wave glory of freely rising air bubbles in water. At the outset, we did not know whether the glory scattering patterns for freely rising air bubbles in water would manifest the symmetry of a spherical scatterer. This was questionable since observations on single scatterers should give bright patterns when the radius a is sufficiently large that axial focusing is significant. [For such focused scattering, the scattering amplitude that is due to each glory ray is roughly 4 -7 (ka)' 12 . See the discussion below Eq. (21) .] A larger bubble rises more rapidly, resulting in less-symmetric hydrodynamic stresses. As a result, sufficiently large bubbles take on an oblate shape as they rise. 8 9 If there is sufficiently large distortion, it is to be expected that the fourfold symmetric cross-polarized backscattering patterns will be obviated. Consequently, the observations reported here of scattering patterns having both the symmetry and the structure predicted for cross-polarized scattering from freely rising spherical bubbles in water were not a foregone conclusion at the onset of the experiment. We have found that distortion of the bubble shape from sphericity by more than -X/2 leads to observable effects in the backscattering patterns, especially when the vertically rising bubble is illuminated by a horizontally propagating light beam. Another noteworthy aspect of this experiment is that in comparison with the previous observations of the backscattering from bubbles in oil, the patterns for spherical bubbles in water clearly show major effects of interference among glory rays having different numbers of internal reflections.
In Section 2 we describe a physical-optics model for backscattering from bubbles in water and certain results of Mie theory. In Section 3 we describe the experimental method.
In Section 4 we give comparisons of the model and Miebased computer-generated patterns with the experimental results. In Appendix A we give approximations for the amplitude and the phase of axial rays in conjunction with the physical-optics model. In Appendix B we describe a method for obtaining the bubble radius from backscattering data. For bubbles somewhat larger than those discussed in this paper (i.e., those having a diameter of >30O ,um), the effects of oblateness are seen clearly in the scattering pattern. Those results will be described in a subsequent paper.
The physical-optics model described here has been adapted to the case of slightly oblate bubbles through the use of a perturbation expansions The model presented here for spheres is based in part on the model outlined in Ref. 4 and on the adaption of the scalar theory for the acoustical glory"l to the present case of electromagnetic waves. (A brief summary of this adaption appeared in Ref. 7 .) The presentation given here in Section 2 facilitates the description of a modi-fied model for oblate bubbles to be given in the subsequent paper as well as the analysis of the present data.
PHYSICAL-OPTICS MODEL AND MIE-SERIES COMPUTATIONS
A. Physical-Optics Model approximation. Calculation of amplitudes in the exit plane is done by the method of van de Hulst,l whereby fields are decomposed into components perpendicular and parallel to the scattering plane. The incident wave is taken to be a linearly polarized plane wave of wavelength X traveling along the z axis (Fig. 2) . The medium surrounding the bubble is taken to be homogeneous and lossless. We assume that the bubble radius a is much larger than the wavelength so that ray optics is a useful approximation for calculating the fields near the bubble. For water, the relative refractive index is m = 0.7496 for the conditions of the experiment discussed in Section 3. Figure 1 shows two classes of rays that contribute to the backscattering. Axial rays reflect after p = 0, 2, 4, .. .passages through the bubble along the z axis. Glory rays, with p = 3, 4, 5, ... chords inside the bubble, have a nonzero impact parameter and leave the bubble antiparallel to the incident direction that defines the z axis. As shown for the three-chord glory ray, the outgoing curved wavelet d'e' has a virtual focal point at F3 as seen by backward projection of the wave-front normal for points on the wave front near F'. The location of the four-chord glory-ray virtual focal point is labeled F 4 . In the exit plane, the radius of curvature of this outgoing wave front will be denoted by ap. The impact parameter of the glory ray and the radius of the focal circle (from where the outgoing wave appears to emanate) have a common value denoted by bp. The resulting outgoing wave front is illustrated by Fig. 3 . It has a toroidal shape, since Fig. 1 can be rotated about the CC' axis, which is also why rays appear to diverge from a focal circle. Reference 5 gives the conditions on the refractive index for the existence of three-and four-chord transmitted-wave glory rays of the class considered here. Another class of glory rays exists with p > 4, which cross the z axis inside the bubble more than once (multiple-orbit glory rays), but they contribute insignificantly to the backscattering 5 ' 7 and will not be considered here. Figure 1 shows the angles of incidence and refraction 0 and P for rays entering the bubble. They are related by Snell's 
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where a is the bubble radius and Trp = tan vp/tan Op. Table 1 lists the focal circle parameters of Eqs. (1)- (3) for m = 0.7496 and several sets of glory rays. The last row of Table 1 corresponds to a ray incident at the critical angle of incidence for total reflection, sin O = m. Figure 2 shows the coordinate system for the calculation of the fields in the exit and observation planes. Points on the exit plane are addressed by the polar coordinates (s, 4) or by Cartesian coordinates (x', y'). The x' axis is defined by the polarization direction of the incident plane wave's electric field. Observation points are defined by the azimuthal angle ep, the backscattering angle -y, and the distance r from the axial point (point C') of the exit plane, or by the Cartesian coordinates (x, y, z). We are interested in the irradiance for y < 5 deg. Van de Hulst's method' and geometrical optics give the following approximation for the field in the exit plane that is due to the pth glory ray 4 :
where the time dependence exp(-icot) has been suppressed and k is the wave number in the liquid. Field components n = 1 and n = 2 refer to the x' and y'components, respectively. 13 The field component with n = 1 is called the copolarized component, and the one with n = 2 is called the crosspolarized one because the incident wave was polarized parallel to the x' axis. The cumbersome p subscription for relevant quantities is suppressed in Eq. (4) and henceforth in most expressions except where needed for clarity. In Eq.
(4), Fn (4) accounts for the partial reflections and transmissions at interfaces along the glory-ray path and for the projection of the field components (originally expressed by using basis vectors parallel and perpendicular to the scattering plane for j = 1 and j = 2, respectively) onto the x' and y' directions. It is given by F, (4) = C 1 sin 2 4 + C 2 cos 2 A,
where the Cj depend on the flat-surface Fresnel reflection coefficients ry for the glory ray:
(8a)
The phase factor in Eq. (4) There are p foci for each glory ray of the class considered here so that the total phase shift is ,i = -pwr/2. The expression for i7 is"
Consider propagation of the field given by Eq. (4) to a distant observer for which r >> ka 2 in Fig. 2 . Attention is limited to small values of the backscattering angle y. This paraxial assumption is implicit in the derivation of Eq. (4), since otherwise it would generally be necessary to permit the coefficients to depend on s and to use a better approximation for the s dependence of the phase. This paraxial assumption also justifies the following scalar treatment in which the n = 1 and n = 2 field components remain distinct during propagation to the observer.
The Fraunhofer approximation of the diffraction integral involving the field in the exit plane gives the following expression for the field in the observation plane where now n = 1, 2 refers to the (x, y) directions:
which may be expressed as 4 "12
where u = ks sin y. The extension of the integrations over infinite intervals is an acceptable approximation, since, in the final analysis, the regions of s that contribute to Q are those near where the phase is stationary and those regions are close to s = b when y is small. The approach for calculating Q is adapted from the analysis of the acoustical glory given in Ref. 11 . Notice that Eq. (11) gives the two-dimensional Fourier transform F of the quantity inside the braces and, furthermore, that the transformed quantity is proportional to the field amplitude at (s, 4) in the exit plane.
Hence D, is proportional to the two-dimensional angular spectrum of the amplitude.1""1 2 Now, suppose that the wave in the exit plane is backward propagated (through water) a distance a, to the plane of the virtual focal circle. Let Fp denote the angular spectrum of the corresponding field quantity in that plane. It is well known (see, e.g., Sec. 3.7 of
Ref . 12) that the angular spectrum evolves owing to propagation according to
Now the following observation may be used to approximate
Fp up to the value of a normalization constant Bp to be determined subsequently. In the plane of the virtual focal circle, the radial dependence of the amplitude of an idealized virtual source is Bp Os -bp), where 6 is the Dirac function.
In the shifted plane, Eq. (13) becomes
where up = kbp sin -y. Inspection of Eqs. (13) and (14) 
Equation (12) then becomes
where Vn (-y, so) is the result of the 4 integration,
with G(sp) cos 2so, G 2 (0o) = sin 2So; Jo and J 2 are cylindrical 
p where the first sum is for p = 3, 4, 5, . . . and the axial-ray sum has p = 0, 2, 4, .... In the paraxial assumption, the Enpa for n = 2 are generally small in amplitude in comparison with the Enspg and will thus be neglected. Approximations for Eipa with p = 0 and p = 2 are discussed in Appendix A. It is convenient to express the scattered irradiance for the nth polarization as 4r 2 En s 2 (21) where in the far zone we can henceforth assume that r is measured from the center of the sphere. The normalization factor is IR = IEiI2a2/4r2 and has the physical interpretation of being the isotropic irradiance reflected from a mirrorlike sphere of the same size. It is also a convenient normalization factor for the Mie-theory results to be presented in Subsection 2.B. From Eq. (19), the cross-polarized irradiance has a distinctive sin2(2so) azimuthal dependence, which is a fourfold symmetry. In contrast, the copolarized irradiance has this symmetry only at the azimuthal angles so = J45 
Geometrical Properties of the Wave Front near the Exit Plane of the Bubble
The quadratic approximation for the wave-front shape given by Eq. (4) is shown in Fig. 3 . The total phase term in Eq.
2 /2ac. W specifies the shape of the outgoing wave front in the paraxial approximation. A two-dimensional stationary phase condition, ao/Ox' = 0 = aolay', defines points on the initial wave front W that locate rays that are orthogonal to W and have a direction specified by x/ z and y/z. For the given directions x/z and y/z, there are in general two points (x', y') on the wave front shown in Fig. 3 that satisfy the stationary phase condition for each glory-ray class. They give rise to rays labeled 1 and 2 in Fig. 3 . An infinite number of rays (such as the ray labeled -and adjacent rays on the circular maximum) are exactly backward 
Since b3 is related to the bubble radius by Eq. (1) (see Table   1 ), this is a potential technique for inferring bubble radii from scattering data in cases (such as bubbles in oil 4 ) in which a single glory ray dominates the backscattering.
As is noted below, however, the p = 3 glory ray does not dominate the backscattering from bubbles in water. The origin of the condition, Eq. (23), is the interference of rays that project in the same direction, such as those labeled by 1 and 2 in Fig. 3 ; these rays are separated by a distance 2b3 on the outgoing wave front. Ray 1 is represented by the first term in the expansion of the cosine in Eq. (22) . The net phase difference of -7r/2 between rays 1 and 2 in Eq. (22) is evidently due to ray 1's crossing an external focus of the type L2 in Fig. 1, which is outside the bubble at a distant point on the z axis.
B. Mie-Theory Computations and Comparison with Physical Optics
The Mie series' gives the exact scattering by a sphere illuminated with a plane wave, surrounded by a homogeneous isotropic medium. The copolarized and cross-polarized amplitudes are linear combinations2 0 of the usual scattering amplitudes Sj, where j = 1 and j = 2 refer to electric field polarizations perpendicular and parallel to the scattering plane, respectively. For y <5 deg, the exact results2 0 for the case of an idealized analyzing polarizer (see Section 3) are well approximated by
where S' = S1 I S2, so is the azimuthal angle in Fig. 2 , and r is the distance to the observation point from the center of the sphere. In Eqs. (24) (21), respectively]. In the physical-optics model for this and subsequent calculations, the field contributions forp = 3-16 glory rays were summed. The error from omitting terms having p > 16 was judged to be negligible on the scale of these figures. Convergence of the glory-ray series as p --is ensured by the factor qp (see Table 1 ) and by an alternating phase term !L in Eq. (9). The rate of numerical convergence of the series was similar to that of the acoustic case discussed in Ref. 11 . The Mie-series computations were performed by using Wiscombe's MIEVO algorithm." Some discussion of Fig. 4 is appropriate, although the figure displays results for ha values smaller than those that could be studied in the present experiment. (ka = 1000 corresponds to a radius a = 61 ym; ha = 100 corresponds to a In the model for the copolarized scattering, the contributions from only two axial rays were included (p = 0 and p = 2; see Appendix A), whereas none were considered in the crosspolarized model. For a ha value of 100, the copolarized amplitude is not entirely dominated by glory contributions because the (ka)1/2 factor is small relative to the examples in which ha > 1000. Hence contributions from omitted axial rays having p > 2 are relatively important when ha = 100, and these omissions are likely to be the primary cause of the deviation from Mie-theory results for the copolarized case. (17) is omitted from the model. Figure 6 is a top view of the experimental apparatus used to observe the far-zone cross-polarized scattering near the z axis. The incident laser beam of wavelength 514.5 nm in air and power of 200 mW was polarized vertically as illustrated.
PHOTOGRAPHIC OBSERVATIONS OF THE CROSS-POLARIZED BACKSCATTERING BY FREELY RISING AIR BUBBLES IN WATER
A small needle at the bottom of the cell was used to inject a single microbubble, which rose vertically through the water in the cell, where it was illuminated by the horizontally propagating incident laser beam. The width of the Gaussian irradiance profile beam was approximately 2.2 mm, which is much larger than the diameter of the bubbles studied. Furthermore, the radius of curvature of the incident wave front was >>ka2. These conditions imply that plane- diameter. In some cases, it was not possible to obtain size measurements. Figure 7 shows an experimental result for a bubble with ka = 1988. The fourfold symmetric sin 2 2wp azimuthal dependence of the irradiance, characteristic of a spherical scatterer, is readily observable in Fig. 7 . Figure 8 and Table 2 give comparisons of experimental data with model and Mie calculations. The calculated scattering patterns were displayed on a monitor with 256 gray scales, and 250 X 250 pixels were used. Photographs of single quadrants of the calculated scattering pattern were enlarged to yield the same magnification as the experimental data. Differences in the photographic materials used for experimental and model pictures inevitably results in a contrast difference between the two media. In all the pictures in Fig. 8 , the first quadrant represents the model calculation, the third quadrant represents the Mie-theory calculations, and the second and fourth quadrants are experimental data for the second and fourth observed quadrants. (The upward direction in the figures corresponds to the upward direction in the observed patterns.) Table 2 lists the important parameters for the patterns of Fig. 8 .
COMPARISON OF EXPERIMENTAL CROSS-POLARIZED PATTERNS WITH NUMERICAL CALCULATIONS
The radii determined by the microscope had a typical uncertainty of +3 ,um. A shift in radius for computed patterns of roughly +0.3 ,um produced noticeable disagreement symmetric azimuthal dependence characteristic of spherical scatterers. This is the experimental result used in Fig. 8(b) .
with the observation. To facilitate an estimation of the radius that is more accurate than that available from the microscope data, a fitting procedure was developed (see Ap Although the range of ka reported is relatively restricted because of experimental limitations, Fig. 8 shows a great variety of the observed patterns.
The patterns of Fig. 8 have finely spaced fringes modulated by a gentle envelope (see also Figs. 5 and 7). A plot of just the irradiance of the p = 3 glory ray manifests the fine fringes that are due to the interference discussed in Subsection 2.A.2 but not this envelope. When the contributions of p = 4, 5, 6, ... glory rays are included in the irradiance calculation, the envelope becomes apparent, owing to significant interference among glory rays with different p. This form of interference phenomenon was not as clearly seen in previous photographs, which were for bubbles in oil. 4 In the results reported in Ref. 4 , scattering was dominated by the p = 3 glory ray, so the expression for the spacing of irradiance minima in Eq. (23) was useful for measuring the bubble radius (Fig. 4 of Ref.4) . We found this technique useful for obtaining a rough estimate (within 10%) for the bubble radii of Fig. 8 ; however, it was necessary to use the technique of Appendix B for a more precise measure since appreciable interference of glory rays having different numbers of chords in the bubble occurred.
When the analyzing polarizer (Fig. 6 ) is set to transmit vertically polarized fields, the pattern observed is the copolarized scattering. 5 "2 0 Background scattering was much greater for this apparatus for copolarized scattering than for the examples given here of the cross-polarized scattering. Consequently, the copolarized scattering from bubbles was not studied.
Observations of the cross-polarized backscattering patterns for bubbles rising in water having diameters ' 300 ,um show clear deviations from the fourfold symmetric sin2 2% pattern, since larger bubbles become oblate in response to the uneven distribution of hydrodynamic stresses. 10 A description and a model for these patterns will be given in a subsequent paper. It is noteworthy that internal reflections within a bubble should also give rise to forward glory scattering (corresponding to a forward axial caustic in the geometrical-optics approximation). Forward glory rays for drops of water typically circumnavigate part of the drop 22 ; for bubbles, transmitted forward glory rays should dominate, and these can have as few as one internal reflection. Table 2 . In (a), the experimental photo has extraneous background scattering near the origin. White lines are borders of the synthesized patterns.
tions and models of the forward glory for bubbles in oil are given in Ref. 24 . The results of the present study of backscattering suggest that rising bubbles in water should exhibit the forward glory patterns of a sphere when the bubble radius is 150 ,m or smaller. The allowed radii may be somewhat larger than 150 Am, as the coupling between the shape of the outgoing wave front with the lack of sphericity (for the bubble) should be weaker than for backscattering, for which at least two internal reflections are required.
APPENDIX A: AXIAL-RAY CONTRIBUTIONS TO THE COPOLARIZED SCATTERING AND COMMENTS ON EQ. (7)
The analysis here parallels that given for acoustical scatter- 
where r is the distance from C' to the observation point as shown in Fig. 2 . The factor hp > 0 accounts for the spreading of rays, and the factor Cpa accounts for the partial reflection and/or transmission of the wave at each interface. The Both here and in the approximation of C2a, the distinction between the Fresnel coefficients rj for polarizations perpendicular or parallel to the local scattering plane is neglected. This is an acceptable paraxial approximation in computing the copolarized fields since (r, -r 2 ) (202/m)rl vanishes as the angle of incidence 9 -0. Next, consider the two-chord (p = 2) one-bounce axial ray illustrated by Fig. 10 = bp dp , Consider first the p = 0 ray, which travels from points 2 to 3 to 4 in Fig. 9 . The spreading factor ho = a12 follows directly from Eq. (A2) with 0 = y/2 and bo = a sin 0. The reflection coefficient here becomes Coa --rl, where r, is given by Eq. (8) and the minus arises because the ray is incident from outside of the bubble. The bubble radii determined by using the measuring microscope were accurate to within d3 gtm. We found that for good agreement of experimental and numerical patterns to Fig. 11 . Model cross-polarized irradiance at a series of fixed angles measured from an experimental photograph for various bubble radii to ascribe a best-fit radius to experimental data. Ring numbers and angular locations for curves a-h are given in Table 3 . Lines are correctly ordered in magnitude for a bubble radius of -130 um as indicated by an arrow on the axis. This result is pertinent to Fig.  8(c) .
be obtained the necessary accuracy for the radius was -±0. 3 ,um. To obtain a best-fit radius for numerical computation, the angular location y of several relative maxima and minima or the pattern on the developed print were measured for a fixed p of 45 deg. The irradiance was calculated for each angular position as a function of the radius for ±5 mm around the experimentally measured radius. In cases in which no reliable experimental measurements were available (because of problems with the microscope), an assumed experimental radius was inferred from comparison with other patterns for which the radius was known and from Eq. (23). A plot of the irradiance calculated at a fixed -y for a range of radii permits us to choose a best-fit radius as described below. Table 3 contains data used for fitting a bubble radius to the pattern of Fig. 8(c) . The ring column in the table refers to the nth concentric bright ring (integers) or dark ring (nonintegers), and the bright ring closest to the center would be assigned the integer 1. The angular location of bright or dark rings was determined by measuring their location on a magnified print of the exposed negative, dividing by the magnification factor of the negative-to-print process, dividing by the focal length of the lens to determine the angle, and using Snell's law to correct for refraction from water to air.
The first two entries represent bright rings on the print; the others are dark rings. Figure 11 shows that the two maxima and six minima-in Table 3 are in the correct relative order for a radius of nearly 130 ,um. For all other radii away from 130 ,um in this figure, the irradiance ordering for angular bright and dark rings is incorrect. The radius obtained by this procedure can be fine tuned by successively calculating the pattern for qp = 45 deg for a narrow band around the obtained radius and comparing it visually with the observed pattern. This technique was used to fit a radius to each of the patterns shown in Fig. 8 .
